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Abstract 

The calculation of an amplitude involving resonance production 
is presented. This calculation employs for the resonance state a rel¬ 
ativistic Gamow vector. It is used for investigating the question of 
compatibility of the relativistic Gamow vectors kinematics, defined by 
real 4-velocities and complex mass, with the stable particle kinemat¬ 
ics; or in other words, the integration of the Gamow vectors with the 
conventional Dirac bra-ket formalism. The calculation demonstrates 
a consistent framework comprising stable and Gamow vectors. 


1 Introduction 

The description of unstable particles with state vectors stems from the point 
of view that unstable particles are not less fundamental than the stable ones. 
In fact, unstable particles are listed along the stable ones in the Particle 
Data Table PP and attributed values for the mass, the spin and the width (or 
lifetime). Hence a zero value for the width (or an inhnite lifetime) is what 
distinguishes a stable from an unstable particle. The relativistic Gamow vec¬ 
tors provide state vectors for unstable particles through a precise formulation 
of complex mass representations of the Poincare group with self-adjoint gen¬ 
erators HE]. These representations are “minimally complex”, in the sense 
that, while the mass is complex, the 4-velocity is real. Furthermore, they 
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have the remarkable feature of being representations for the causal Poincare 
semigroup into the forward light cone, hence an exponential decay law dehned 
only in the forward light cone. 

The relativistic Gamow vectors have all the properties that are expected 
for state vectors describing unstable particles. We explore in what follows 
the kinematical implications of the characteristic properties of the relativistic 
Gamow vectors, namely those of real 4-velocities and complex mass. In 
other words, the question of integrating these properties with the standard 
kinematics of stable particles into a consistent framework is addressed. The 
investigation is carried here by analyzing an example of resonance production. 

2 Resonance Production 

We consider the production of an unstable particle d in the reaction 

Q, b —> c d. (1) 

We restrict ourselves further to a specihc channel where d decays into two 
particles e and /: 

d ^ e + f . (2) 

In the event that d is a stable particle, the center of mass energy square of 
the reaction, Sab{= (Pa + Pb)'^), is 

Sab = {Pc + Pdf- (3) 

If d is an unstable particle with the attributes of a complex mass 

— (4) 

and real 4-velocity pd, then the momenta is complex pd = y/^Pd- There¬ 
fore, © is not satished. To hnd out the result corresponding to © in the 
complex mass case, we consider the bra-ket involving directly the variables 
Pc, Pd and Sab- 

{ M] [c]" I [ab]^ ) = {Pd(^d[SdJd\Vefnef,r\Pab(^abKbJab\Vabnab) ' (5) 

In ®, 
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• I [ab]^) = IPab^abKbJablVab^tb) a 4-velocity basis vector for the in¬ 
states of the a and b particles, diagonal in the total mass-square Sab 
and angular momentum jab of the [ab] ^ system jl]. It results from the 
reduction of the direct product space of the a and b particles, [a] ® 
[6], into a direct sum of irreducible representation spaces jSJ 0 H] . It 
is labeled by the space component of the 4-velocity Pab = {Pa + 
Pb)/^/^, the three-component aab of jab, degeneracy quantum numbers 
Pab that consist of the orbital angular momentum lab and the total spin 
Sab of the [ab] system: pab = {lab,Sab}, and particle species label nab 
designating the masses and spins of a and b: Uab = {ma, Sa, mt, st}. 

• I [c]“ ) = |7) is a 4-velocity basis vector for the c particle. 

• I [d]“) = \p^ad[sdjd\Pefnjjr) is a relativistic Gamow vector associated 
with the [ef] decay channel. It is characterized by a complex mass 
square Sd, and real 4-velocity pd- 

If d is a stable particle, is an S-matrix element for the transition ab —>■ cd 
for a certain partial-wave of ab. In this case, ® is proportional to the delta 
functions giving rise to the conservation condition ©: 

{Pd(^d [Sdjd\,r\Pab(^ab KbJablVabnab) = 
b{Pab -Pc- Pd)b{Sab - {Pd +Pcy) 

{{Pd(^d[Sdjd\,}S\Pab(JabKbjab\Vabnab)) ■ (6) 

In®,((---|5|---)) is a reduced S-matrix element resulting from the factoring 
out of the conservation delta-functions. We calculate how the right side of 
gets modihed in the event that d is unstable. For this calculation, we use for 
d a Gamow vector. 

A calculation of ® with a Gamow vector is feasible by virtue of the 
integral representation [2]: 

iui-\ I- r -1 -\ ^ r . n\Pd^d[s''jd]Pefn^f-) 

M ) = \Pd(Td[SdJd]Vefnaf ) = 7 ^ ds -—— -^—. (7) 

We should mention that the equality in m is not postulated, but is rigorously 
derived j2] in a relativistic Rigged Hilbert Space |H] scattering theory pin]] 

^[ab] denotes an irreducible representation space of the two-particle system, a and b. 
Likewise, [cef] denotes an irreducible representation space for the three-particle system, 
c, e and /. 
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from the definition of an unstable particle as being the quantity associated 
with the complex poles of the partial S'-matrix. 


3 Calculation of (0) with d unstable 

In order to calculate m with the use of the integral representation o , we 
need to insert in two complete set of basis vectors. A complete set of 
basis vectors is a resolution of the identity with the general form: 

I = I one particle basis) (one particle basis I 

+ |two particles basis) (two particles basis| + ■ ■ ■ . (8) 

In (jSI), the summation is over all particle species labels and the physical 
ranges of all quantum numbers, with the understanding that the summation 
refers to an integration with a specihc measure for the continuous quantum 
numbers. The layout for the calculation of ® is as follows : 

{ M[c|“ I |«6]+ > 

= E<l<i|H-|MH->{le/l|c|-|M+> (9) 

[e/][c] 

= ( [d][c]~ I [e/][c]“ ) ( [e/][c]“ | [ce/]“ ) ( [ce/]" | [a6]+ ) . (10) 

^^ ^ -V---J J ^ 

[ef][c] [cef] 

Integral representation C-G coefficient ^-matrix element 

The above equation means that we hrst, in insert a complete set of out 
basis vectors. From (|HI), we retain only the basis vectors with particle species 
quantum numbers matching those of ([d][c]“|. These are the [ef] ® [c] basis 
system which carry the particle species labels rig/ and rig, Then, in (ll()|) . we 
reinsert the identity (jH)), and in this case we retain the out basis vectors of 
the [ce/] system, |[ce/]“), which naturally carries the same particle species 
labels as in the |[e/][c]“) kets. In (fTIHl . the hrst term is evaluated using 
the integral representation o of the Gamow vector. The second term is the 
Clebsh-Gordan coefficient that arises from the change of basis from the direct 
product basis vectors |[e/][c]“) into the direct sum basis vectors |[ce/]“) [Zj; 
and the third term is an S'-matrix element for the transition ab —>■ cef, 
which is diagonal in the total angular momentum and mass-square (rest- 
mass energy square) of the in-state, Sab- 
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Upon performing the calculation outlined in m, the result is: 


{Pd(^d[SdJd]Vefnef,^ iPab^abKbJablVabntb) 

-ill 1 
271 s'f — S*, 


j2js' 


N{sab,s'^f,m^)2pl^6 - 


^efPd+Pc 


X 


X + Pd.Pc 




X Y1 ^(Pe/Pc, (^dCTc, jabCTabV'o) (4/Jdhohe/^o| (Safe) IVabUab) • (H) 


Vo 


where 


si/ = = (Pafe -Pc)^ 

the subscript o in and no refers to the label: cef, 
{^efjdV'oVefno\S^'^^{Sab)\Pabnab) IS a reduced S-matrix element: 


{pyoi^'oJoKfJefV'oV'efno iPab^abKbJabKh^tb) = 

( 12 ) 

• is a normalization factor, and P is a factor involving rotation ma¬ 
trices and Clebsh-Gordan coefficients 0111111. 

The limit of m as Sd becomes real is found to be: 

{Pd(^d[SdJd]Vefnef,r\Pab(^abKbJab]Vabnab) 

^ ^^— N{sab,Sd,ml)2p^^^,6{pob-Po)—^o - 5{^d-{Pab-Pcf) 

V2v^ ^ + Pd-Pc 

P{PdPc, CTdCTc, jabO-abVo) {^dj dVoVefno\S'’'^'’{Sab)\r]abnab) ■ ( 13 ) 


3/2 

\b 


X 


where 


Po = 


V^Pd + Pc 

\/^ab 


S'o = {Pd + Pcf 


( 14 ) 
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4 Summary and Discussion 

We observe that the passage from real m to a complex (ED occurs 
with the following changes: 

• The mass-square condition = {pab —PcY (0) expressed in ED by the 
delta function: 

^{Sd- {Pab-Pc)f (15) 

gets replaced in the unstable case ED by a Breit-Wigner distribution 
in {pab-PcY- 

1 ^ zi _i 

27rs(.^-s^ 27r{pab-Pcy-{Mn + iTRy 

This calculational result can be traced to the fact that an unstable 
particle, unlike a stable one, does not have a dehnite (real) mass, rather 
is the superposition of the whole spectrum of masses with Breit-Wigner 
weights, as expressed in dlD- 

• The condition on the space-components of the 4-velocities in the stable 
case fn0) : 


Pab = 


V^Pd + Pc 


expressed by the delta function: 

HPab - p'o) 

gets replaced by: 

V iPab - Pc?Pd + Pc 


Pab = 


\/ ^ab 


(17) 


(18) 


(19) 


Hence, even though Sd is complex, pab remains real as the quantity 
= V (Pab - PcY replaces in ED, and pd is real according to 
a dehning postulate of the relativistic Gamow vectors. 
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